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I. TIpobnema KOMIUIEKCHBIX IPOCTPAHCTB B TMJIPOJUMHAMHUKE IMPHUBJIEKIA BHUMaHHE
HCCIIEA0BATENIEH B CBSI3U C BOBHUKHOBEHUEM DHTPOINUMHON KOHUENTYAJIbHOW MOJEIN, METO-
JIOJIOTUM U MHCTPYMEHTAIBHBIX CpeACTB onucanus [Ipupoael n oxpyxaromen Hac JlericTBu-
TEIBHOCTU. DJTa MpolieMa TECHO CBfA3aHA C AHAJIUTHYECKOM T'MIPOJMHAMHUKON M Teopueit
TypOYyJIEHTHOCTH.

AHanuTndeckas rMIpOJIMHAMMKA U €€ BaXHBIN pas3zies — teopus ypaBHeHnid HaBpe —
Crokca B Hacrosiiee BpeMsl IpHUBJIEKaeT BHUMaHHE MHOTOYMCICHHBIX HccienoBareneil. B
teopun ypaBHeHuid HaBbe — Crokca, HaunHas ¢ pabotel Leray [1] ocHOBHBIE Hccen0BaHUS
OBLITM TIOCBSIIEHBI TTpoOiemMe "cnadbix" (TypOyJeHTHBIX) pelIeHuil. 3/1ech ClaeayeT yKas3aTb
pabotsl [2—6]. HecmoTps Ha UX MHOTOUYMCIICHHOCTbD, HAIIM 3HAHUS CTPYKTYPHI U CBOMCTB pe-
menuit ypasuenuit HaBpe — CTOKCa 10CTaTOYHO CKPOMHBI. B CBSI3U € 3TUM MOJIOKEHUEM /€T
CTajla aKTyaJbHOM 3aJaya NPUBJIEYECHUS B AaHAJIUTHUECKYIO THJIPOJMHAMUKY HOBBIX HJEH,
KOHLIEIIUH, METOA0JIOTHI U HHCTPYMEHTAJIbHBIX CPEJCTB.

HoBas koHuemnuus, METONOJIOTHS M HHCTPYMEHTAJIbHBIE CPEICTBA HCCIIEJOBAHUSA
CIUIOMIHBIX cpen pazpaboTanbl A.H.[lanuenkoBsiM B kHurax cepuu "Outpornus” [7-10].

OnHoit U3 XapaKTEPHBIX OCOOCHHOCTEW ITUX KHUT SBJIETCS TO, YTO B OOJIBIIMHCTBE
npoOieM 0a30BbIe TeoMeTpUuyecKue 00beKTHI ( (ha30BbIe MPOCTPAHCTBA, KOH(UTYpALlMOHHBIE
MIPOCTPAHCTBA, SHTPONUIHBIE MHOTOOOpa3us U Jp.) ABJISAIOTCA KOMILUIEKCHBIMU. bojee Toro,
npeaMeT kHUTH "MHepuus" — Teopus MHEPLUU - pealn30BaHa HaJ| [0JIEM KOMIUIEKCHBIX M-
cell. DHTponMiiHasg MeXaHMKa B KHUre "OHTponuiiHas MexaHuka" ompeJeseHa
A.H.ITaHueHKOBbBIM, KaK MEXaHMKa [TOTOKOB Ha SHTPONUUHBIX MHOTOOOPA3UAX KOMIUIEKCHBIX
KOH(UTYpallMOHHBIX MPOCTPAHCTB U MOJIEH B KOMIUIEKCHBIX KOH(QUIypallMOHHBIX MPOCTPaH-
CTBaXx.

[Ipu sTOM omnpeaensomuM (HakTopoM, MPUBOIALIMM K 1€J1eCO00pa3sHOCTH U HE0OXO-
JUMOCTH KOMIUIEKCU(DUKALIMU, SBJISETCS CYIIECTBOBaHHE B BUPTYaJbHOM CIUIOIIHON cpene
potopa. Hamomuto, uto ypaBHenus HaBre — CTOoKca ObUTM BBEIEHBI B THAPOIUHAMUKY IS
ONMCAHUS JJAMUHAPHBIX IOTOKOB BS3KOM HEC)KUMAEMOW KUIKOCTH; IPU 3TOM BOMpoc 00
000CHOBAHHOCTH U JIOCTOBEPHOCTH UX MPUMEHEHHUS J0 CHX MOp ocTaercsi OTKpbIThIM. Co-
MHEHUS B NIPUTOJHOCTH BEIIeCTBEHHbIX ypaBHeHUN HaBbe — Crokca anst onmucanus TypOy-
JIEHTHBIX TTOTOKOB BBICKA3bIBAIM HECKOJBKO HCCienoBareneit (cm., Hampumep, [3]). Ho stot
BOIIPOC MPHOOPET 0COOYIO aKTYalbHOCTh B MOCJIEIHUE TOJIbl, B CBSI3U C aKTHBHU3aLuel padoT
10 TeOpUu ATUX ypaBHeHui [4], [6], [http://claymath.org]. KonkpeTHsie maTepuansl u ¢ax-
THI, YCTAHABJIMBAIOIIME HEOOXOIMMOCThH Iepexoja B mpoOiemMe TypOyJIeHTHOCTH K KOM-
mIeKkcHbIM ypaBHeHHsIM HaBre — Ctokca, cogepxatcs B kaure [8]. B paznmene "TypOyneHt-
HOCTB" KHUTH "DHTpomus —2: XaoTH4YecKas MeXaHuKa'", aBTOp MPHUHSI OTIUYHYIO OT Kiac-
CHUYECKON TMIIOTEe3y BO3HUKHOBEHUS TypOylneHTHOCTH. B nmpobieme TypOyiaeHTHOCTH, 00bIY-
HO, BO3HUKHOBEHHE TYpPOYJIEHTHOCTH CBSA3BIBAIOT C MOTEPEH YCTOMYMBOCTH JTAMHHAPHOTO
NBUKEHUS. S IPUHSIT APYryl0 THIOTE3Y, HUKAK HE CBA3aHHYIO C IOTepel yCTOMYMBOCTH Jia-
MUHApHOIO JABMXKeHUs. JlaMiHapHOE IBUKEHHE HE MOKET CYIIECTBOBATh OECKOHEUHO JI0JIrO;
paHO WJIM MO3JHO HACTyINaeT MOMEHT BPEMEHH, KOrJa JIaMUHApHOE JABM)KEHUE MPEKpallaeT
cyliecTBoBaTh. PacnosioskeHHass Ha BpeMEHHOH IIKajie TOYKa MPEKpalleHusl CyIleCTBOBAHUS
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(pa3pyliueHus) JJaMHUHapHOTO MOTOKA OJHOBPEMEHHO SIBJISIETCSI TOUKON BO3HUKHOBEHMS TYp-
OyJI€HTHOTO MOTOKA.

B aT0i1 runoTese npuunHa TypOYyJIEHTHOCTH KPOETCS B pa3pyLUIeHUH JIAMUHAPHOIO T10-
ToKa. Pa3pylieHue laMHHapHOTO MOTOKA, KaK HEKOTOPOM CTPYKTYphl, IPSIMO HE CBSA3aHO C
YCTOWYMBOCTBIO JIBH)KEHUS; PeUb UJET HE O MOTEPE YCTOWYUBOCTH, @ O pa3pyLICHUH OJHOU
CTPYKTYphl (JAMHUHApHOTO MOTOKAa) M O BO3HMKHOBEHMM BCJIEJ 3a Pa3pyIIEHUEM JpYroi
CTPYKTYpHI (TypOyJIeHTHOTO MoToKa). Pa3pyiieHne u BO3HUKHOBEHHE IPOUCXOAMUT B XaoCe,
YTO U OIpENENseT KIIOUEBYIO POJIb XaOTUUECKON MEXaHUKH.

Pa3Butne 3¢pexTuBHON Teopun TypOYJIEHTHOCTH, HA OCHOBE TMIOTE3bl pa3pyLICHUS
JAMUHAPHOTO MOTOKAa, €CTECTBEHHBIM 00pa3oM TpeOyeT BBEIEHUS KOMIUIEKCHBIX 0a30BBIX
reOMEeTpHUECKUX OOBEKTOB M KOMIUIEKCHBIX ypaBHeHui HaBbe — Crokca, 4TO U clenaHo
MHOIO B KHUTE [8]. B Hell ycTaHOBIIEHO, YTO B MpobiaeMe TypOyJIEHTHOCTH KOMILIEKCHOE (a-
30BO€ MPOCTPAHCTBO SIBJIIETCS €CTECTBEHHOM Cpejoil 0OuTaHusl TypOyJIEHTHOCTH.

II. Jlexxamuii B OCHOBE SHTPONMMHOIO aHAIW3a THAPOJAMHAMHUKH IIOCTYJaT HUMEET
(GOPMYITUPOBKY: KOHYEnmyaubHas Mooenb 2UOPOOUHAMUKYU SAGNAEMCs KOHKpemu3ayueu SH-
mponutiHou KonyenmyanioHou modeau [11].

ba3oBbIM reomeTpuueckuM 00BEKTOM TEOPUU SHTPOIHH sIBJISETCS (Pa30BOE MPOCTPaH-
CTBO — I'JIaIKO€ MHOTOOOpa3ue ¢ JOKaJIbHBIMU KOOPJMHATAMU q U P:

Q={q,p|Q=0QyxQ; QR Q,c R3; Q c R ® R;}.

3necs:

q — 06001mEHHas KOOpIMHATA.

p — UMIIYyJIBC.

R’— TpéxMepHOE BEIeCTBEHHOE EBKIINI0BOE IPOCTPAHCTBO.

R3— conpsbk€HHOE TpEXMEPHOE BEMIECTBEHHOE €BKIUIOBOE IIPOCTPAHCTBO
da3o0Boe MPOCTPAHCTBO (HOPMUPYET:

1. KondurypannoHHoe IpoCTpaHCTBO

Qq= {q|Qch3}.
2. IlpocTtpaHCTBO MMITyJIbCA
Q,={p|QcRs}.

OO61ast >HTPOIUS UMEET TBOMCTBEHHOE MIPEICTABIICHHE:

Hy = Hq+ Hp; <{q,p} e Q, (D)

Hy — cTpyxTypHas >HTpONYS,
H,— sHTpOonms ummyisca.
Ha cocrosinusix cpezpl, pacmoiokeHHON B ()a30BOM MPOCTPAHCTBE, MOJIEPKUBAETCS
rJ100aabHasi CUMMETPUS:
H s = const. (2)
OTa CUMMETpUS SBJISETCS CIEACTBUEM MPUMEHEHUs MPUHLUIIA MAKCUMYyMa SHTPOIIUHI
K 00JIbLIMAaHOBCKOMY IPEJCTABJICHUIO SHTpONUH [7]

H',«‘é—J‘plnp dQ {q,p} € Q. 3)
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B 3TOM nCX01HOM IIPEACTABICHUH SHTPOIUH P — IUNIOTHOCTh BUPTYAIIbHOM CIUIOIIHOM
Cpeapbl.

IlepBoe cyxeHue pa30BOro NpocTpaHCTBa — IJIJAKOE MHOrooOpasue, Ha3bIBaeMOE dH-
TPONMUUHBIM MHOTOO0Opa3ueM - OpraHu3yercsi ¢ HIOMOIIbI0 CUMMETpUH (2)

5= {d4.p|2cQ, Hy. )
DHTpONHITHOE MHOTO00pa3re UMEET CTPYKTYPY MPSIMOTO TPOU3BEACHUS:
D= D¢xDp: 0= {q|2qc D, He}; = {p|2pcD, Hy}. (5)
31ech:
O4— PHTpONUITHOE MHOr000Opa3ue KOH(PUIYypalMOHHOTO NIPOCTPAHCTBA,
3p — SHTPONHIHOE MHOT000pa3He MPOCTPAHCTBA UMITYIIBCA.

ConenouganbHoe MHOTOOOpa3ue Nojayvyaercs MyTéM 3aJaHus Ha SHTPOIIMIMHOM MHO-
roo0pazuu JUBEpreHIun

o=divA; A= [@,@}
ot ot

M={q,p| McD,c=divA}. (6)
Ha conenounanbHOM MHOT00Opa3uu cuMMETpHs (2) MOAIEPKUBAETCS ypaBHEHUEM
c=0; {q,p} E M. (7)

BBenenne B TeOpHIO NOTEHIMANIA YCKOPEHUM TPUBOJUT K OUEPEAHOMY CYKEHHIO H-
TPOMUMHOTO MHOT000pa3usi — MHOr00Opa3Hio MOTEHIIMAA YCKOPEHUH

0 -E
g =3q,p|IT < M;0;§= : 8
q,p | g E 0 )]
31ech:
. 0 -E
©® — MOTEHIMAJ YCKOpeHHid, & = E 0 — KOCOCHMMETPHYECKAsi MaTPUIlA METPHKHU

(metpuka), E — enuHnyHas tuaroHanbHasi MaTpHIIA.
Kak u3BectHO [7], Ha MHOro0Opa3uu NOTEHLMaNa yCKOPEHUH CIpaBeIMBbl KAHOHU-
YeCcKUe YpaBHEHMsI OTEHIMAIAa YCKOPEHUI

A__ O P_DB o Nexw ©)
ot op ot oq

OnHO U3 LEHTPaJIbHBIX MECT 3aHUMAET CY)KEeHHE MHOr000pa3us MOTeHIHajla yCKope-
HUH, cojiepKalliee MOTEHIUal UMITYJIbCa.

[TogmuOroo0Opasue MHOrooOpasus MoTeHIMala YCKOPEHUH, coJieprKallee NOTEHIIUAa
HMMITYJIbCa, HOCUT Ha3BaHue [ mibpOepToBa moJis.

['up6epToBO MOJIE UMEET BU/I:

T={q,pl T cT;¥}. (10)
3
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Ha I'uns6epToBoM moJie
p=grad¥;¥Y=¥Y(q,t)
U CIPaBeUIMBO ypaBHEHUE NOTeHLMana yckopenuit [7], [12]

oY

— -@ila.picer (11)

II1. ®ynnamenTanbHyIO poJib B pa3BUBaeMoil HauaToi B cTaThe [11] Teopun urpaer
BTOpasi CHMMETpPHS — IBOMCTBEHHOCTb IPECTABICHUS UMITYJIbCA:

pEQp.
p= : : (12)
p(a.t);qeQ ; t € [0,T].

[lepBast KOMIOHEHTa 3TOM JBOMCTBEHHOCTH ONpEAeNsieT cBOOOAHbIN HUMITYbC, a BTO-
pasi KOMIIOHEHTA — MPUCOEAUHEHHBIN UMITYJIbC. [IpricOeIMHEHHBINT NMITYIbC pEaInu3yeTcs B

cnydae quddeomopduzma

Ty Qq— Qp p(q, 1) € C(QN); QI =04 x (0,T).

B nBoiictBenHoctu (12) T — Bpems pa3pylieHus JaMUHAPHOTO IOTOKA.

JIOTIOTHUTENBHO K JBYM, IPUBEIEHHBIM BBIIIE CHMMETPHSIM, BBE/IEM €IIE OJIHY CHUMMET-
pHI0. 3/1ECh CYIIECTBYET TAK)KE€ CHMMETPHS IBOMCTBEHHOCTHU MPECTABIEHUS 00001IEHHOM KOOp-
JHATBHI:

B qeq (13)
~lq); te[0,T].

[TepBast KOMITIOHEHTA 3TOM IBOWCTBEHHOCTH COOTBETCTBYET SMUIIEPOBY ONIMCAHUIO, a

BTOpAs — JIArPaHKEBOMY.
CnencrBueM cumMmerpuu (12) sBisiercs emi€ oaHa GyH1aMEHTalIbHAs CHMMETPUS:
JIBOMICTBEHHOCTh MPEJCTABIICHUS PACIIUPEHHOTO BEKTOPa CKOPOCTH:

dq dp
Q
{@ @}: [dt dt}pe p (14)
ot ot [6q Gp}p € pla.b): dq 6q dp 6p
ot ot Ve T acd et

IV. [Ins nanpHeimero Ham noTpeOyroTCsi OCHOBHBIE CBEJICHUS 1O (DEHOMEHOJIOTHU
TUJIPOTMHAMUKH
1. B cnnownoii cpede 643K0U HECHCUMAEMOU HCUOKOCMU CYUIeCmBYIom 08¢ CYUJHO-
cmu:
1).  T'uopoounamuuecxue nos.
2).  Tudpoounamuueckue nOMoKU.
T'uopoounamuueckue nomoKu pacnonoHCeHvl Ha SHMPONULIHBIX MHO2000PA3USX.
3. Cywecmsyrom 06a muna euopoOUHaAMU4ecKux noel.

N
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1). Buxpesvie nons.
2).  IlomenyuanvHvie nous.
4. Cywecmsyrom 08a 6uoa eu0OpoOUHAMUYECKUX HOMOKO8.
1). JlamunapHvle nomoxku.
2).  Typbynenmuvle nOMoKu.
5. Typbyrenmuocms — 6uo xaoca.
6. Jlamunaprocmmusle nomoku obaaoarom 6oavuel 21a0KoCmbio (pe2yasipHOCmbio) u
Peanu3yiomcs Ha 8eueCmeeHHblX 2e0Mempuieckux 00beKmax — SHMpPONUUHBbIX MHO20-

obpa3zusx.
Onupasch Ha Teopemy paznoxumoctu ['enbmronsua [13] u cnenys padore [11], na-
MUHapHBIA TIOTOK Ha SHTPONMIHOM MHOTO0Opa3uu MPUMEM B BUJIE:

q2us;ustp+ o;divu=0;q € Dq;t=[0,T]
®=(qt);qed;02rotB;BeC(Q).

pEQp.
N (15)
p(q,t);q €D3q; te[0,T].

p=p(q,t): p=grad ¥; ¥=¥(q,t); ¥ € C(Q,);

B namunrapuom notoke (15) kinrodeByro poss urpaet BBeA¢HHas B padote [11] rurmo-
T€3a HE3aBUCUMOCTH: GUXPb He 3A8UCUMN OM UMNYIbCA

o= o (q,t); {q, p,t} € Qr; Qr=Q x (0,T).

V. O6pamasce k kHure [ 8], 1 BBy B paCCMOTPEHHE | €IbMIOJIbIIEBY MaTPHILY:

A=7+p+Q, (16)
x, 0 0 0 pu 0 -0, o,
L=10 %, O = 0 pf; Q= o, 0 —ao.
0 2 H, py O -0, o 0

3/1eCh: A — maTpuIla IIIOTHOCTH UMITYIIbCa; X, — MaTpHLia PaClUMpeHHs; |l — MaTpu-

na casura; () —marpuna poropa.
B tepmunax I'enbMrosbleBoil MaTpULibl ypaBHEHHE JaMUHApHOTO noToka (15) mpu-
MET BUJ:

q2Aq;qe Iq;t €[0,T]. (17)

Teneps s BBely OCHOBHYIO THIIOTE3Y: HA 8eUyeCmBEHHOM IHMPONUUHOM MHO2000pa-
3uu ramunapuelii nomok (17) gonycKaer HopmanvHoe npedcmasieHue:

q2Aq;qe Dg;t €[0,T]. (18)

A= ReA ; A= diag (A0, A )
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OTcroza cienyer xapakTepu3alus JaMUHApPHOTO MOTOKA: AUAaroHajabHas Marpuna A
3aJlaHa HaJl 10JIEM BEIIECTBEHHBIX YHCEI.

HaromHr0, uT0 MaTpuna A uMeeT ABOMCTBEHHOE NPEACTABICHUE

A= A (q,t), €3 ,.
A (). (19)

B CBOIO 0uepe/ib, MaTPHLbL {1y, [, (2} TakKe HMEIOT JBONCTBEHHOE IIPEICTABICHUE
Buaa (19).

B npyroit popmynupoBke 115 JaMHUHAPHOTO MOTOKAa 0000IEHHas KOOpIMHATa — BEK-
Top—dyuknus q = q (t) Ha orpeske [0, T] - 3amana Haj MoJIEM BEIIECTBEHHBIX YHCEIL.

VI. IlpunsaTelil cueHapuii nepexoja JaMHUHAPHOTO IMOTOKAa B TYpOYJIEHTHBIH HUMeeT
BH/JI: IPUYMHON BO3HUKHOBEHHUSI TypOYJICHTHOTO MOTOKA SBIISICTCS MPEKpAIICHUE CYIECTBO-
BaHMS (pa3pylIeHHE) JaMHUHAPHOTO MOTOKA. B MOMeHT BpeMenn T MpoOUCXOIUT pa3pylIeHUE
OJIHOU CTPYKTYpHI (JAMUHAPHOTO TIOTOKA), a B TIOCIEAYIOMINE MOMEHTHI BpEMEHH, OJIM3KUE K
BpeMeHH T, TPOUCXOAUT BO3HUKHOBEHUE HOBOU CTPYKTYPHI (TYpOyJICHTHOTO MOTOKA).

B xaotnueckoii MexaHHKe SHTPONTMHHOE MHOTO0Opa3ue, Ha KOTOPOM IMPOUCXOIUT CO-
ObITHE — pa3pylieHrue JHO0 BOSHUKHOBEHUE CTPYKTYPHI - HA3BIBAETCS DKCTPEMAIBHBIM I10-
rpaangHbIM cioeM (DI1C). Teopus IKCTpeMaTbHOTO MOTPAHUYHOTO CJIOSI COJEPKUTCS B KHH-
re [8].

OynnamenTanbHbIM cBOMCTBOM JIIC siBIsieTCss TO, YTO OH UMEET MaJyl0 MPOTHKEH-
HOCTb I10 IIKaJIe BEIIECTBEHHOTO BpeMeHu G.J. B cBsi3U ¢ 3TUM 51 COOBITHE — MEPEXO]T JTaMHU-
HapHOI'O MOTOKa B TypOYJIEHTHBIN - Oyay Ul ONpPENelIeHHOCTH M3ydaTh Ha MajOM OTpeE3Ke
[—\/E +e 1:(T-t)e [—\/E A ]. 3ameuy, yTOo COOBITHE M CONPOBOXKJAIOUIMII €ro Xaoc B
OIIC umMeer afeKBaTHOE ONMMCAHUE B TEPMUHAX M3BECTHOM TEOPHUH MPEAETbHON KOPPEKTHO-
ctu [14]. 1o cyru, SIIC — 310 MHOrOo0Opa3ue JOKaIbHOU MpeiebHON HEKOPPEKTHOCTH.

Onpenenenue 1. Eciu t — mexywee spems, T — epemsa pazpyuwenus iaamunapro2o no-
MoKa, mo JTaMUHApHbuIM NOMOKOM HA3bleaemcs eiaokas eekmop—@pyukyusa{q=q (t'), t'=T-t}
Ha ompeske [e+T] — 0006wennas koopounama, onpeoeieHHas Hao Noiem 8eueCmeeHHbIX
yucer.

Onpenenenue 2. Eciu t — mexkywee epems, T — epems paspyuieHus 1amMunapHo2o no-
moka, T — xapakmepnoe epems (T > T), mo mypbyrenmnvim nomokom Hazvlaemcs 8eKmMop
dyukyus {q = ("), t' = T—t} na ompesxe [—€ + (T — T)] — 0606wennas koopounama, onpede-
JIEHHAS HAO NOJIeM KOMNJIeKCHBIX YUCel.

Onpenenenue 3. Ilepexoo namunaproco nomoka 8 mypoyienmHbslii 5mo mpaucgop-
mayus 2naokou seujecmeennou sekmop-yukyuu {q=q(t'); g=Req; t'=T—t} na ompesxe [e+T]
— 0000WeHHOU KOOPOUHaAmbl - 8 KOMnaeKCHyto eekmop-gyukyuio {q = q(t'): Im q # 0} na om-
peske [—€ +(T-T1)] npu T>T.

B DOIIC nepexo/ 1aMHUHApHOTO MOTPAHUYHOTO CJIOSI OMUCHIBAETCS HETJIAKON BEKTOP—
Gbynkuueil q(t') Ha oTpeske [—\/E e ]. B cBoro ouepenp, OIIC Oyner uMeTh BUL:

,qeR3;Vt'e[\/g+8];qeC3;Vt'e[—8+—\/g]}.

(20)
BBeneM nocTato4HO SICHYRO THIOTE3Y 0 HOpMajibHOCTU MoToka B DIIC; B ycrnoBusx
MPUMEHUMOCTH 3TOM T'MIOTE3bl ypaBHEHHE HOPMAJILHOTO MOTOKA OyIeT:

9, ={qlq=q(t),t'e[-Ve +el;

Q1> Jla

q=Aqqed ;t' e[-Ve+Velit'=T-t. (21)

6
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Pemenne storo YpaBHCHHA UMECT BHU:

q:qoed);d)éJ'f\dt;t'e[—\/g+\/g];t'=T—t. (22)

[lepexor m1aMUHApHOTO MOTOKAa B TYpOYJIEHTHBIN CYIIECTBYET, €CIIM CYIIECTBYET He-

rnagKas BekTop — QyHKIus Ha otpeske [—/e e |; t'e [—e /e ]; t' = T— t, oGnanaromas
HBOI\/’ICTBGHHBIM MMpEACTaBJICHUEM

Re ¢ ;3 Vt'>0.
¢ = m ¢ : vy (23)
Re ¢ +1lm ¢ ; Im ¢=0; Vt' <O.

B xaoTuyeckoit mexanuke [8] cymecTByeT TakKe U Apyras I1BOWCTBEHHOCTD:

A, Vi>0.
| A +iA, ; VE<O. 24

13

DTa IBOMCTBEHHOCTH B PsJie CiIydaeB OoJiee y100Ha, OCKOJIbKY OHAa TPoOIeMy BO3-
HUKHOBEHUS TypOYJIEHTHOCTH CBOJUT K MpoOIeMe COOCTBEHHBIX 3HAU€HUHN. Y paBHEHHUE M0~
toka B OIIC umMeer JBOMCTBEHHOE MPECTaBICHUE:

§ = Aq;qel,. 55
Aq. (25)

W3 31011 IBOMCTBEHHOCTH CIEAYET YPABHEHHUE:

Aq=Aq; A=y+p+Q; qe 9, . (26)

Kak H3BECTHO, B 3TOM YPAaBHCHHH JHArOHATBHAS MATPHIA A €CTh MATpHIA COOCT-
BEHHBIX 3HAUYECHUU MaTPHIlhI [ epMrombia. 31ech Mbl M IPUXOAUM K U3BeCTHOMY (hakTy [8]:

LA =A, - JJAMUHAPHBIA MOTOK.

2.A=A, +iAy — TypOyJEHTHBIN NOTOK.

VII. Crpykrypa notoka B DIIC ycraHaBianBaeTCsi HA OCHOBE aHAJIM3a JIEMEHTAPHBIX
¢byHkuuil. Psaa snemenTapHbIX QyHKUMN Ui OTpUIATEIbHBIX 3HAYEHUI apryMeHTa Haj I0-
JIEM BEIIECTBEHHBIX YHCEN HE CYIecTBYIOT. Cpen HUX €CTh JBE XapaKTepHble PyHKIUU:

1. t=4t - nepBasi XapakrepHasi QyHKIIHS.

2. Int'— BTOpas xapakrepHas QyHKITHSI.

JIist OTpUIaTENbHBIX 3HAYEHNUH apryMEHTa HaJ| M0JIEM KOMIUIEKCHBIX YMCEIl XapaK-
TepHble (PYHKIIMH UMEIOT BUJ:

1. t=i\/m; t'<O0.

2. Int'=mi +Inft);t <0.

Kak ¢pynkuuu Ha oTpeske [—\/E ++Je ], xapakTepHble (QYHKIINU SBIISAIOTCS HETJIAIKUMU
(GYHKIUSAMH, UMEIOIIMMHU JBOMCTBEHHbIE MPECTABICHUS:

B \/?; vt >0.
ifit]; vt <o.

7

1.t (27)
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Int"; V t' >0.
2. Int' =<
mi + Inft| ; Vt' <O0.

[IpuBeneHHbIE CBECHUS O XapaKTEPHBIX 3JIEMEHTAPHbIX (PYHKIUAX TAIOT OCHOBAHUS
must Beioopa B DIIC HoBOro aprymenTa (mapamerpa napamerpusamun) T =+/(T —t).

B stom CJIydac MaTpuia IJIOTHOCTH UMITYJIbCa 6YJICT HUMCETH )IBOI\/’ICTBCHHOC npeacras-
JICHHUEC

A(q,7), qed..
A:{ (@.71), qe?, o8)

A (7).

Teneps g HaZen0 MaTPUILY INIOTHOCTU UMITYJIbCa CUMMETpHUE — GOpMUHBApUAHTHO-
cThr0. DOPMUHBAPUAHTHOCTH MATPHILIBI INIOTHOCTH UMITYJIbCA 03HAYAET, YTO MATPULIA—

¢byHKIMS A uMeeT euHbIi BUI (CTPYKTYpY) Ul 00€UX KOMIOHEHT ABOWCTBEHHOCTH Bpe-
MEHHU:

JT=t;V(T-1t)>0.
T =
i/|T—t| ; V(T-t) <0.

Teopema 1. Eciu cywecmeyem cummempus — popmunsapuanmuocms I envmeonsvye-
801U Mampuybl NIOMHOCMU UMNYIbCa, mo ypasHenus Hasve — Cmokca

%ls=—gradH+VAu+f;q63q (29)

obnadarom cummempuetl — COXpaHAOmM CMpPYKmypy 0Jisi 00eux KOMNOHEHM 080UCHI-
BEHHOCMU BPEMEHUL:

[Tt v(T -0 >0.
i T=t] ; v(T-1) <0.

IIpu smom evidenenue 61008 NOMOKO8 NPOUCXOOUM NyMeM KOHKPEemu3ayuu epemenu
T U 3a0aHUs CIMPYKMYPbl IHMPONUTIHO2O0 MHO2000pA3Usl KOHPULYPAYUOHHO20 NPOCMPAHCMEA.
B pesynomame ypasnenus nomokog umerom 6uo:
1.Jlamunapmnolii nomok

T (30)

ﬂ:ATq;AT:—21:A;q63q,
dr

1 dA
(—d——Azjq =—gradIl +vAu+f,qe 3 G

divAgq=0; A=y+un + Q;

Dq= 19| 99 = Qq; Qq R3};T =(T—-1t);t e (0=T).
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v 0 O 0 pu 0 -0, o,
L=10 % Of; u=jw, 0 s Q Fjo, 0 -of.
0 0 1y Hy py 0 -0, o 0

3. Typbynenmusiii nomox

4.
dq
— = Aq; Ac=—-21A;q €D,
dt
1 dA
(—d——Azjq =—qradIl +vAu+f,qe 3 (32)
2t dt

divAq=0;A=y+u+ Q ;
Dy = {q g = Qy; Qg Clit=iy/| T—t]; V(T 1) <0,

v 0 O 0 pu 0 -0, o,
L=10 % O = 0 wis Q@ Flo, 0 -of.
0 0 H, py O -0, o 0

Jloka3arenbcTBo. B citydae I'ennbMrospneBoi MaTpHilbl INIOTHOCTH UMITYJIBCA
A=y+p+ Q,
oOnagaromeil pOpMHUHBAPHAHTHOCTBIO OTHOCUTENILHO BPEMEHH T, 3TOH )K€ CUMMETpHUel Oy-
7eT o0nagaTh U ypaBHEHUE IOTOKA

q=Aq;q e D (33)
B cBo0 ouepenp ypaBHEHHE IOTOKA CKOPOCTH OyJIeT:
§=(A+A%q;qeDy. (34)

ScHo, uTO M 3TO ypaBHEHHE OyaeT 00ianaTh POPMUHBAPUAHTHOCTHIO OTHOCUTEIHHO
BPEMEHH T .

. . D
ITockomeky q =u; q :FIE , To ypaBHeHue HaBbe — Ctokca u ypaBHeHue (34) npu-

BOIAT K )IBOI\/’ICTBGHHOCTI/I

,q:{(A+A2) q, qe0,.

—grad II+v A A q+f. (33)
OTa ABOWCTBEHHOCTDH MIPUBOJUT K HOBOMY BUAY ypaBHeHHI HaBre — Crokca
(A+A*)q=—grad I +vAu+f; (36)
A=y+p+ Q,qe I,
: 1 dA
Ilockosmpky A= i de ) TO B cliyyae (POPMUHBAPUAHTHOCTH MATPHILIbI TNIOTHOCTHU
T dt

UMITyJIbCA CUMMETpHUEH CTPYKTYpbl OyJeT obianaTh U ypaBHeHue (36) .
[TpumeM Temeps CIenyIOIYI0 XapaKTEPH3aLUI0 IIOTOKOB:

9



© A.H. Ilanuenxos. Komnaexcnole npocmpancmea 6 cu0poounamuxe. Komniekchole ypastenusi Hasve-Cmoxca.

1. JlamuHapHBIi IOTOK

1=y T-t;V(T-1)>0;

D= {q g © Qy; Qe < R’} (37)

2. TypOyneHTHBIN NOTOK

T=1y|T—t] ;V(T-1t)<0 ;

9= {q| g c Q3 Qg C}. (38)

3nech: R'— TpexmepHOe eBKIHI0BO MPOCTPAHCTBO;

C’ — KOMILIEKCHOE TPEXMEPHOE EBKIHIOBO HPOCTPAHCTBO.
BHocs 3tu xapaktepusaiuu B ypaBHeHue (36) U IPpUCOETUHSS K HUM YpaBHEHUsI Hepas-

PBIBHOCTH U 1OTOKA (33), MBI ¥ IPUXOIUM K YPAaBHEHHSIM JIAMUHAPHOTO U TYpOYyJIEHTHOTO
[TOTOKOB TEOPEMBI. W

VIII. YpaBHEHNIO HOPMAJILHOTO MTOTOKA IBOMCTBEHHOCTH (25) MOKHO NMPUAATH BUI:

dlnq
dt

=A.; A, =-21A ;q €3, (39)

T

Teneps, cnenys kaure [7] u3 ypaBHenus (39), nojgydaem ypaBHEHHE CTPYKTYPHOMH
SHTPOIIUU

T oy, Hy=(Inq[E)r3; 6. =SpA_; q € 3. (40)
T

B sTom ypaBHeHun Hy — cTpykTypHas SHTponus, a G; = G(T) — JUBEPreHTHBIN NHBA-
pHUAHT.

VYpasuenue (40) bopmupyer MHOTOOOpa3Ne
Va={q Vo< 3¢ q=1£;1lq =qi-q2 g3} . (41)

Ha muoroo6paszuu Vg, f; = f:(1) - rmankas ¢pyHkuus Ha oTpeske [\/_ T ,V(T—-t)>0

T
[o-dx

Teopema 2. Ha eewyecmeennom mno2000pazuu
Vo=1{dl Vo< O q=1f;1lq =qi-q2-q3}
ypasHeHue
Arq = A:q (42)

ons keadpamuou mampuysl [3x3] euoa:

10
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A = A +AY +A®
T T T T
A0 k%] 0 0 AV 0 v, vy, AO 0 O, O
=|| 0 7“9172 05 T=Vie 0 vylls Tt = [loy, 0 M3
0 0 am Vis V3 0 03 -0 0
u A, =diag{)!,a2 2> }
npeobpasyemcs Kk cucmeme an2edpaudeckux ypasHeHull
2 2
KE)C1+(V12+(012) LB +(vis+ o) %, =At- (43)
Iq
2
q q,9
+(V12 ®12) l_]I +(vas+ ) l_llq3 =At-

2 2
7¥9§3 +(viz—oi3) 49, +(vas— 23) 43,
Iq

=22
I1q t
npeocmasumol makxice 8 opy2ou hopme
alQZj +biqx +¢1=0;
azq32 + byqz + ¢ =0;
azq1” +biq +c3=0
q q o _ai
a, =(vioton) ——:b,=(vi+on) ==; ¢ =Ay —Ag
Ilq
q q
a, =(vi+ton) =—b,=(vio—on) ==;¢, = 7“%2 _7“25 (44)
Ilq
2
ay =(vis— i) &;b3 = (va3— 02) q_il > €6 = 7‘012 _7‘1:

B c6o10 ouepeow, cucmema (44) npeobpazyemcs 6 cucmemy HelUHEUHbIX aneedpau-
YeCKUX yPasHeHull:

q _—b, +b; —4asc, q _—b£ybj—dac, q _—b,+y/bj—4ac, (45)
1 > 27 ) 3= .
2a, 2a, 2a,

00onycKawyio npu OONOIHUMENLHOM YCII08UU eOUHCMBEHHOCIU NPe0CMAaBleHUs, Pealu3o-
BAHHOM C NOMOWbIO YPABHEHUU CEA3U

b]2 =4a,c;; b; =4a,C,; b§ =4ac;. (46)
peuterue:
10pz0y) 10 ro,)
1 27
2 (Vi3 — (013)

1 \Y%
q3 ,q3 _ ( ]2 ]2)
2(vp,+o,)

47),
2 (Va3 +(023)
obnadarowee cummempuet
(V23_6023 ] (V13+(Dl3 ] {V]Z_(DIZ ]_ ]
Vi3~ O3 vi2 T i3 vt mn

(48)
11



© A.H. Ilanuenxos. Komnaexcnole npocmpancmea 6 cu0poounamuxe. Komniekchole ypastenusi Hasve-Cmoxca.

Jdemma 1. Cummempus, onpedensemas ypasHenuem meopemol 2

V23~ (023 MEREQE ViTOR | _ g

Vi3~ 013 viz T i3 vt 23

cywyecmeyem npu vi; =0, o #0, k=12; j=23: k#].

Oobcyscoenue. DyHTaMEHTATBHBIA PE3YJBTAT JEMMBI 1, aCCOLMUPYIOIIEHCS C TEOPEMOM
paznenuMocTy paboTsl [11], uMeer BaxkHOE 3HaueHue B Teopuu ypaBHeHui HaBbe — CTokca u
TypOynentHoct. Ero cemanTuka cnemyromas: B JIoKalibHOU 30He paspymenus ( JI1C ) ma-
MUHapHBIN MMOTOK COJEPKUT MOTEHIMAJIbHBIE U BUXPEBbIE KOMIIOHEHTHI; BOSHUKHOBEHHE HO-
BOM CTPYKTYphl — TypOYJIEHTHOIO MOTOKA - SIBJIIETCS PE3YJIbTAaTOM B3aUMOJICHCTBUS JBYX
CYIIHOCTEN — IUCCUIIALIMYI U BUXPSI.

IX. lng nHopmansHoro noroka B OIIC (21) ypaBHEHUS THIPOJMHAMUKN MOKHO 3aIH-
caTb B BUJE:

q:f\q;qu; :t'e[—\/g+\/g];t':T—t.
(/;\+/~\2)q:(p;(p:—gradH+vA/~\q+f;

A (49)
divAq =0; A = diag{A,,1,,A,}.

B npoGneme nepexo/ia HanbOIbIINN UHTEPEC MPEACTABISIOT JBa CIIydasi:
\ 2. \ 2
LA - AT ]S 20 A

[lepBrIit cityqail moapoOHO U3ydeH B KHUTE [8]; 37€Ch 1 HAYHy U3y4EHHE BTOPOTO CIIy-
yasi. B atom ciyuae B OI1C OynyT cripaBeasiuBbl IpUOJIMKEHHBIE ypaBHEHUS

/;\qz—qradH + VA /~\q+f;q€3;1. (50)
XapaKkTepHBbIM PEIICHUEM, YIOBJICTBOPSIONIMM HEPABEHCTBY 2. OyJEeT pelICHHE:
A=A, Int;1=+T-t (51)
Ompenensemasi TUM pelieHueM 0000IIEHUsT KOOpAuHATa ompenesseTcs GopMyoi:

q=q e—f\orz (Int —%)
=Y

(52)
Otmeuy OJHY MHTEpPECHYIO JleTallb: pelieHue (52) yloBIEeTBOPSET HAYaJIbHBIM JIaH-

HBIM, 33JaHHbIM Tpu t = T. D10 sBisterca cnencrsueM cummerpun DIIC — nokanbHON MHBa-

puanTHOCTH. Bo3Hukaromue npu nepeceuenuu aapa II1C ckauku UMEIOT 3HAUEHUS:

_ 1 _ Qoo .
1. [q] =0. 2.[q] =——1
2
Takum 00pa3om, B M3Yy4EHHOM IpHUMEpE NMPU HU3MEHEHUU CTPYKTYpbl IOTOKa 0000-
LIEHHAasi KOOP/IMHATAa OCTAETCsl HEMIPEPHIBHOM, a €€ MPOU3BOIHAS UMEET CKauOK.

N3 dopmynsl (52) cienyer IBOWCTBEHHOCTb, ONMUCHIBAIOIIAS JTAMUHAPHYIO U TypOy-
JICHTHYIO BETBU MOTOKA:

12
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qoe'i\"(T")(l"JT_""%) V(T—1)>0
q - A s
T Gty <o,

OOpaiy BHUMaHKE Ha TO, 4TO pemieHue (47) o6maamaaer 00IbIION OOIIHOCTHIO: OHO
OTIMICHIBACT MPEACTABUTEILHBI HA0OP aTTPAKTOPOB JIAMHHAPHOTO TIOTOKA, TIOPOIKIAFOIIIHX
pa3HooOpa3HbIe BUBI TYPOYICHTHBIX TOTOKOB.

B 3aknroueHue npuBey clieAyromiee CyKJICHNUe: Ha TITyOMHHOM YpOBHE (DEHOMEHOJIO-
T'Usl TYpOYJEHTHOCTH B KOMITJICKCHBIX TIPOCTPAHCTBAX OTUPAETCS HA MPOMCXOISAIINI B TEKY-
U IEPUO]T BPEMEHH TIEPEX0JT OT MEXaHUKU MaTCPUAITBHON TOUKH K MEXaHHUKE OPHCHTHPO-
BaHHOM MatepuanbHO# ToukH [10].
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