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Abstract

New methods of analytical hydrodynamics are developed for studying the exis-
tence, smoothness, and structure of solutions of Navier-Stokes equations. The sub-
ject of this work is the laminar (regular) flows of a viscous incompressible liquid
considered on general-entropy manifolds. Hydrodynamic flows support two sym-
metries: a conservation of the general entropy and a duality of the impulse. Several
theorems and lemmas are presented for analysis of structures of regular flows. The
main result is the separation theorem that reduces Navier-Stokes equations to the
two sets of equations, the canonical system of equations of the acceleration poten-
tial and the equations of the vortex flux. It is shown that laminar flows contain po-

tential and vortical components.

Introduction

At the present time, Navier-Stokes equations are attracting significant attention of
scientists working in the area of analytical hydrodynamics. In the theory of Navier-
Stokes equations, starting from the work by Leray [4], main efforts have been devoted
to "weak" (turbulent) solutions [1, 3, 11, 12]. However, knowledge of the structure and
properties of the solutions of Navier-Stokes equations remains rather limited. Bringing
new ideas and methodologies into analytical hydrodynamics will help to advance this

science.

A new concept and mathematical tools for continuum media have been developed

by Panchenkov [7-10]. In this article, the general-entropy analysis is applied for study-
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ing Navier-Stokes equations. Two main problems are addressed: an investigation of the
structure of laminar fields and flows of a viscous incompressible liquid and a separation
of Navier-Stokes equations into two systems. At the same time, a new, effective
mathematical technique based on the general entropy concept is developed.

The set of axioms of ttie general-entropy theory of Navier-Stokes equations
identifies a viscous incompressible liquid as an object of the general-entropy
conceptual model [7]:

(1) Navier-Stokes equations are the equations of the general-entropy conceptual
model.

(2) States of a viscous incompressible liquid satisty a global symmetry of the
conservation of the general entropy.

(3) Continuum medium of a viscous incompressible liquid contains two types of
objects: hydrodynamic fields and hydrodynamic flows.

(4) Hydrodynamic flows are located on the general-entropy manifolds.

(5) There are two types of hydrodynamic fields: vorticity fields and potential fields.

(6) There are two types of hydrodynamic flows: laminar flows and turbulent flows.

(7) Turbulence is a type of chaos.

(8) Laminar flows possess smoothness (regularity) and are realized on real

geometrical objects-the general-entropy manifolds.

Main Objects

A basic geometrical object in the general-entropy theory is a phase space, which is

a smooth manifold with local coordinates q and p,

A={qp|A=A,xA;A, cR}A, cR;A=R*®R,},
where q is the generalized coordinate, p is the impulse, R’ is the three-dimensional
real Euclidean space, and R is the conjugate three-dimensional real Euclidean space.
The phase space is formed by a configuration apace, A, = {q A, © R’ }, and an im-
pulse space, A, = {p A, © R3}.

The general entropy has dual representation [7]

H; =H_+H,;{q,pjeA, (1)
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where H is a structural entropy and H, is an impulse entropy. In thermodynamic in-
terpretation, the general entropy H, contains the classical thermodynamic entropy
H,, and H, = —Hq = Hp in dissipative systems [7]. States of a continuum medium in
the phase space maintain the global symmetry
H; =const. (2)
This symmetry follows from the principle of the general-entropy maximum applied to
the Boltzman concept of entropy [7]. The principle of the general-entropy maximum on
a set of regular solutions in a Hubert space is adequate to Hamilton principle.
A reduction of the phase space that satisfies Eq. (2) is a general-entropy manifold
E={qp|EcAH,}. 3)
The general-entropy manifold has a structure of the direct product
E=E xE, 4)
E, = {q |E, E,Hq};Ep = {ql E 6 c E,Hp}_
where E is the general-entropy manifold of the configuration space and E, is the
general-entropy manifold of the impulse space.

A solenoid manifold is obtained by imposing divergence on the general-entropy

manifold

czdivA;Az[@,a—p}, (5)
ot ot

M = {q,p IMcE;o= diVA}.
The following equation supports the symmetry (2) on the solenoid manifold [7]:
o=0:{q.p}eM. (©)
Introduction of ancceleration potential, ®, leads to the another reduction of the gen-

eral-entropy manifold, a manifold of the acceleration potential with metric &,

n=lgplmemoi=" 'L ™
1 O

On this manifold the canonical equations of the acceleration potential are held [7]

0q_ 00 dp 0O

ax - o —a—q,{q,P}‘en. (3
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A reduction of the manifold of the acceleration potential that contains the impulse
potential is an important concept in our theory. This sub-manifold is a Hubert field and

it has a form

Z={q.,p|Zcm;¥}. ©)
On a Hilbert field p=grad¥;¥ = ‘P(q, t), and the equation for the acceleration poten-
tial [6,7] is

oV
Ez(@;{q,p}cz. (10)

The second important symmetry in our theory is a dual representation of the im-

pulse

pPeEA,
p= (11)
p(q.t);qeE ;tef0,T]

The first component of this duality is a free impulse, and the second component defines

a bound impulse. The bound impulse is realized when the following diffeomorphism

exists:
T,: A, > A,;p(g,t)e C7(AT); AT = A, x(0,T),

where T is the time of destruction of a laminar flow.

Theory Development

Using Helmholtz decomposition theorem [2], a laminar flow on a general-entropy
manifold can be taken in the form
q=u:u=p+ow;divu=0; qeE ; te[t,T] ,
o=0(q,t);q€E ;o=r0tB;Be Cw(AE) ,
pPeEA,
p= : : >
p(q.t);qeE ;tef0,T]
P=p(a,t);p=grad ¥;¥ =¥(q,0);'¥ e C*(AT),
T.:E, > E,. (12)

In a laminar flow described by Eq. (12), the key role is played by the hypothesis of

the vorticity independence on the impulse
o=0(qt);{qptje Ar;Ar = Ax(0,T). (13)

The equation of hydrodynamic fields in the configuration space is
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divu=0;qeA,. (14)
Let’s introduce an extension of these fields into the phase space
{divuzo;qeAq}—>{divco:0;{q,p}eA;peAp}. (15)
Upon this transformation, the impulse becomes free. Only the vorticity field, independ-
ent of the free impulse, will exist in the phase space. This fact confirms the hypothesis
of independence (13). From Egs. (13) and (14), it follows that a laminar flow maintains
two types of hydrodynamic fields, vortical and potential:
AB=-Q;Q =rotw;q € Ay
AY =0;qe€ A -
where B is the vortical three-potential and ¥ is the impulse potential.
Two theorems of the necessary conditions for the existence of a laminar flow are
now formulated.
First Theorem. On the general-entropy manifold
E={qp|Ec A;E=E_ xE_;H,|
of the phase space
A={qp|A=A,xA;qeA ;peA, ;Ac R ®R,}
the necessary conditions for the existence of the laminar flow
q=u:u=p+o;o=rotB;divu = 0;{q,p}e E;te [O,T]
that satisfies the independence provision
W= co(q,t);q IS Eq
are the following
(1) The existence of the vorticity three-potential
BeC”(AT): AT = A, x(0,T)
that satisfies Poisson equation
AB=-Q;Q =rotw;q e A,.

(2) The realization of the free impulse p € A in the form of a function

peC”([0,T]) on [0, T].
Second Theorem. On the general-entropy manifold of the configuration space
Eq :{q|Eq CAq;Hq}’ Aq :{q|Aq CR3}

the necessary conditions for the existence of the laminar flow
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q=u:u=p+o;o=rotB;p=grad¥;divu=0;q e E ;te [O,T]
that satisfies the independence provision
w= co(q,t);q IS Eq
are the following:
(1) The existence of the vorticity three-potential
BeC(AT): AT = A, x(0,T)
that satisfies Poisson equation
AB=-Q;Q =rotw;q € A,
(2) The existence of the impulse potential ¥ € C* (AE) that satisfies Laplace equation
AY=0;q9€eA,.

The next theorem contains the main result.
Separation theorem. /f on the solenoid manifold
M ={q,p|M c E;div A},

M=M,xM, ;M, ={q|M, cE_J,
: 09 0p |. 4
Mp:{p|MpCEP}.A:[E,E},de:0

of the phase space
A={qp|A=A,xA;qeA ;peA,;Ac R} ®R,}
the laminar flow exists
q=u:u=p+o;o=rotB;divu=0
{B,p}eC*(AT): AT = A, x(0,T)
that is described by Navier-Stokes equations

%ltl:—gradl_[—vrotQ+f;{q,P} eM;te(0,T)

and

(1) the external force has a form
f =grad®, +rotQ;;f e C°°(Mq X (O,T)),
(2) the condition of independence is fulfilled
[pxQ]=grad®;® e C* (M, x(0,T)),

then Navier-Stokes equations can be separated into the two sets of equations:
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(1) The canonical set of equations for the acceleration potential:

a__©m_ 00,
o op ot oq fapjer.

1
O=—1uf, 11,1, =00,

[pxQ]=grad®;® e C* (M, x(0,T)),
A®=0;qe A ;0eC”(AT). (16)
(2) The vortex flux equations:

Ow - [cox Q]+vAco+roth,
ot

|2, = (@] rotQ), ;2 =roto;q e M0 e C* (M, x(0,T)). (17)
Proof. The full time derivative in Navier-Stokes equation is

Du ¢u

— ="+ /u,
Dt ot

where Lie derivative is defined as
Z.ou= (u | grad)Rs u,

where
1
(u]grad),:u zagrad”u”z} ~[uxQ]. (18)

For a laminar flow the following representation of the vector product is valid:
[uxQ]= grad® +roty,.
Invoking the hypothesis of the vortex independence on the impulse, Eq. (18) can be
separated into the two equations:
co:co(q,t):[pr]:grad(D, (19)
[con]:rotx. (20)

Accounting for Eq. (19), Lie derivative becomes
Z.u :(égrad”u”; —grad®]+(—[con]). (21)

This structure allows us to obtain the equation for the impulse from Navier-Stokes

equations
1 2
% = —Egrad” uf ., —gradIl , (22)
m,=T-0-0,.
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Let us also consider the equation of a laminar flow

@:u;u:p+w. (23)

ot
Since a manifold of the acceleration potential is located on a solenoid manifold, the
system of Egs. (22) and (23) can be interpreted as the canonical equations of the accel-
eration potential. In this interpretation, the acceleration potential satisfies the following
equations:
% = —(%[lgrad” u||2R3 +I1, } ,

2
00
— =-u;u=p+0.

The solution of this system recovers the acceleration potential
1 2
0= —Egrad”u”R} ~T1, :{q,pe ™.

This acceleration potential forms the canonical system of equations of the theorem.

Now, let us take into account

divp=0;qeA,.
Then the equation for the field of the acceleration potential is obtained from the second
equation of the canonical system:
. . 0 T
A®=0;qeA,;0eC(A").

Combining rotor terms in Navier-Stokes equations, the equation for the vortical flux is

%:[wa]+vAw+roth. (24)

From Eq. (20) it follows
div[ o X Q] =0,
which together with a continuity equation gives the equation of the theorem
19, = (0] rotQ),.
The theorem is proven.
Several notes to the theorem:

1. The vorticity Eq. (24) can be transformed into Helmholtz equation

oQ
—:(Q|grad)co—(co|grad)Q+vAQ+rotroth. (25)

ot
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2. The most complete and systematic study of vortical flows of a viscous incom-
pressible liquid on the base of Eq. (24) has been carried out in [5].

3. It is important that the canonical system of the acceleration potential is given on
a manifold of the acceleration potential, while the vorticity equations are given on a
solenoid manifold of the configuration space.

4. In the hypothesis of independence, the vortex flux equations do not
depend on the impulse, and the vortex enters the equation for the
impulse flux as an external flux.

Several facts following from the separation theorem are summarized in the next
lemma.

Lemma. On a Hilbert field

z={q.p|Zcm;¥}
(1) The bound impulse is
p=grad¥;¥ c C°°(ATq)

(2) The potential lamina flow describes the equation of the acceleration potential

P o,
ot

1
o=—1uf -1, 1, =100,

AO@=0;q€A, ;@eCw(AE).
(3) The potential of the independence equations
[pr]: grad® ; @ e C°°(Mq x(O,T))
is orthogonal to the impulse potential
(grad‘P |grad d))R3 =0.

Let us now look at the symmetry of the dual representation of the impulse (Eq. 11).

If a solenoid manifold contains a free impulse, Hamiltonian H = H (q,p, t) speEA,,

and the sidelong metric, then another subset can be constructed - a characteristic sur-

0 1
2={q,p|2cM;peAp;H;é=( ) oj}'

The phase flux on the characteristic surface is determined by the following theorem.

face:

Theorem. Upon the impulse release
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p=p(athaeA,f>peA,;
the acceleration potential transforms into Hamiltonian
1©,qe A j—{H,{q,p}e A},

and on the characteristic surface

0 1
Z=5q,plZcM;peA_;H;E=
{qpl cMipeA, ;H;S (_1 0]}

the potential laminar flow is described by Hamilton canonical equations
H :%”unzR3 +I1 ;u=p+w;HeC” (AqT),
M, =T1,(q,t): T, =TT -® -, ; T, e C*(A"). (26)

Proof. For a free impulse

op _dp

ot dt
and accounting for the property

0q _dq

ot dt
vector A on the characteristic surface will be

a2,
ot ot

On a manifold with the sidelong metric, this vector nullifies the divergence invariant
divA=c:0=0

by the gradient condition

Gl

dq op _| op |.

[6‘[ ét} A=gradH ; H = oH :{q.pjez. (27)
aq

Equation (27) is another form of Hamiltonian canonical equations.
Theorem is proven.

There 1s a connection between the acceleration potential and Hamiltonian

H=-0

(28)

peQy, '
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However, one cannot always identify Hamiltonian with the acceleration potential taken
with an opposite sign. These concepts are the base elements of two different methods

for describing laminar flows, and Eq. (28) is the equation relating these methods.

Concluding remarks

The most important result of the general-entropy analysis is the separation theorem
that contains a reduction of Navier-Stokes to the two sets of equations: the canonical
system of the acceleration potential and the system of the vortex flux. These equations
create a foundation for new, effective mathematical methods for analytical hydrody-
namics, including problems of the existence, smoothness, and structure of solutions of
Navier-Stokes equations. This work also contains an important methodological fact:

laminar flows have vortical and potential components.
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